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Abstract
This paper presents the extension from flat spacetime into curved spacetime
of the area of theoretical investigation that has been known as topological gauge field
theory. The extension here presented is based upon a new derivation of the expres-
sion for topological charge for bosons and fermions in flat spacetime, a derivation
which has been presented elsewhere [1]. This new approach was developed because
the established instanton solution could not be extended to curved spacetime. The
new approach can be extended to curved spacetime by coupling the major equations
of relativistic quantum mechanics to the scalar curvature. The coupling here pre-
sented, and results obtained about the quantization of topological charge, had not
been possible with the earlier established instanton solution.
The Klein-Gordon equation in curved spacetime is (2 −m2 −
1
6
R)φ = 0.
which is (2 −m2)φ = 0 (the Klein-Gordon equation in flat spacetime) cou-
pled to (−
1
6
R)φ where R is the scalar curvature.
Similarly, the Dirac equation in curved spacetime is (2 −m2 −
1
4
R)φ = 0.
which is (2−m2)φ = 0 (again, the Klein-Gordon equation in flat spacetime)
coupled in this case to (−
1
4
R)φ where R is the scalar curvature.
(In the above expressions, 2 is the special relativistic invariant D’Alembertian.)
The Dirac equation in flat spacetime in presence of electromagnetic field is [1]:
[
−(−
1
i
∂
∂t
+ eφ)2 + (
1
i
∇+ e ~A)2 +m2 + f(x, t)
]
Ψ(~x, t) = 0. (1)
From this formula, it was determined that the topological charge for fermions
in flat spacetime cannot be quantized [1].
To examine the quantization of topological charge in curved spacetime
for bosons and fermions
By operating on the component of the field vector in curved spacetime,
1
[3] we get
∇bφc = ∂bφc − Γ
d
bcφc.
∇a∇bφc = ∇a (∂bφc − Γ
d
bcφd)︸ ︷︷ ︸
∇bφc
,
∇a∇bφc = ∂a(∂bφc − Γ
d
bcφc)− Γ
e
ab(∂eφc − Γ
d
ecφd)− Γ
e
ac(∂bφe − Γ
d
beφd)
φd = gdkφ
k
φk = gkcφc thus
φd = gdkg
kcφc will give us
∇a∇bφc = ∂a(∂bφc − Γ
d
bcgdkg
kcφc)− Γ
e
ab(∂eφc − Γ
d
ecgdkg
kcφc)
− Γeac(∂bφe − Γ
d
begdkg
kcφc)
φe = geℓg
ℓcφc implies that
∇a∇bφc =
[
∂a(∂b − Γ
d
bcgdkg
kc)− Γeab(∂e − Γ
d
ecgdkg
kc)
− Γeac(∂bgeℓg
ℓc
− Γdbegdkg
kc)
]
φc.
φc is a component of a field vector and it appears on both sides of the above equation.
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The solution of the Klein-Gordon equation in the absence of electromagnetic
field ~A can be regarded as one component of Dirac’s vector field solution.
φK-G = φ = φc
gab∇a∇bφ = g
ab∂a∂bφ︸ ︷︷ ︸
2φ
+ terms in gab, Γ, φs, and ∂s

2 is the special relativistic invariant D’Alembertian, therefore
gab∇a∇bφ = 
2 + function of x
= 2 + f ′(x)
for the minimal coupling case, (gab∇a∇b+m
2)φ = 0 becomes (2+m2+f ′(x))φ = 0.
In the presence of electromagnetic field 2 → (
1
i
∇+ e ~A)2 − (−
1
i
∂
∂t
+ eφ)2 and the
above equation becomes equivalent to (equation 1), which is the equation for the
topological charge for fermions in flat spacetime in presence of electromagentic field.
Since the equations for both fermions and bosons in curved spacetime reduce to
the same equation for fermions in flat spacetime, and since topological charge for
fermions in flat spacetime was shown to be not quantized [1], we can therefore
conclude that for bosons obeying the minimal coupling, Klein-Gordon’s equation,
the topological charge in curved spacetime is not quantized.
Similarly, for the case of bosons obeying the coupling to the scalar curvature,
and for fermions, which correspond to adding −
1
6
R and −
1
4
R respectively [2], the
topological charge in curved spacetime is not quantized. This remains true because
these additions will not affect the form of inhomogeneity of (equation 1). Because
this equation is inhomogenous, we were able to find out that the topological charge
for fermions cannot be quantized. Similarly, since the topological charge in curved
spacetime for fermions and bosons follow the same form, we conclude that the charge
is not quantized in either case. Thus, we conclude that the topological charge is
quantized for bosons and not quantized for fermions whereas the instanton solution
could not distinguish between the two cases.
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